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Numerous experiments have repetitively shown that the material behavior presents effective size depen-
dent mechanical properties at scales of microns or submicrons. In this paper, the size dependent behavior
of micropolar theory under conical indentation is studied for different indentation depths and micropolar
material parameters. To illustrate the effectiveness of the micropolar theory in predicting the indentation
size effect (ISE), an axisymmetric ﬁnite element model has been developed for elastoplastic contact anal-
ysis of the micropolar materials based on the parametric virtual principle. It is shown that the micropolar
parameters contribute to describe the characteristic of ISE at different scales, where the material length
scale regulates the rate of hardness change at large indentation depth and the value of micropolar shear
module restrains the upper limit of hardness at low indentation depth. The simulation results showed
that the indentation loads increase as the result of increased material length scale at any indentation
depth, however, the rate of increase is higher for lower indentation depth, relative to conventional con-
tinuum. The numerical results are presented for perfectly sharp and rounded tip conical indentations of
magnesium oxide and compared with the experimental data for hardness coming from the open litera-
ture. It is shown that the satisfactory agreement between the experimental data and the numerical
results is obtained, and the better correlation is achieved for the rounded tip indentation compared to
the sharp indentation.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
Nanoindentation is one of the most suitable means of testing
the mechanical properties of materials at the nano scales for their
economic as well as precise and nondestructive feature. However,
there are numerous indentation test reports that have shown the
measured hardness increases signiﬁcantly with decreasing the
indentation depth or the indenter size (Elmustafa and Stone,
2002; Feng and Nix, 2004; Gouldstone et al., 2007; Huang et al.,
2006; Ma and Clarke, 1995; Pharr et al., 2010; Qiao et al., 2010).
On the basis of established ISE model of Nix and Gao (1998), there
is a linear relation between the square of indentation hardness and
the inverse of indentation depth. While this relation is in agree-
ment with microindentation, several other nanoindentation results
show that the Nix–Gao model cannot predict the indentation hard-
ness at nano scale and it overestimates the hardness of polycrystal-
line materials such as MgO at nano scale (Elmustafa and Stone,
2002; Feng and Nix, 2004; Huang et al., 2006; Pharr et al., 2010).
Furthermore, numerous experiments have repetitively shown thatthe material behavior presents effective size dependent mechani-
cal properties at scales on the order of a micron or a submicron,
such as the micro-torsion of thin copper wires (Fleck and
Hutchinson, 1993), the micro-bending of thin nickel foils (Idiart
et al., 2009), compression of micropillar (Greer et al., 2005), and
particle-reinforced metal–matrix composites (Nan and Clarke,
1996). These motivate the development that is able to bridge the
gap between conventional continuum theories and size dependent
material properties.
Due to the lack of internal material lengths in the constitutive
model, this size dependence observed at the micron or sub-micron
scale cannot be explained by classical continuum theory. At these
scales, however, there are still hundreds of dislocations such that
the collective behavior of these dislocations can be described by
implementing continuum plasticity theory (but not classical
plasticity). Among the continuum theories involving higher order
gradients of the displacement, the micropolar (Cosserat) and the
micromorphic theories are continuum models which take into
account the material microstructure (Forest and Sievert, 2006;
Grammenoudis and Tsakmakis, 2009). In the micropolar theory,
threemicro-rotations are introduced in addition to the classical dis-
placements at each material point. This leads to a non-symmetric
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for micropolar plasticity are formulated by Green et al. (1968),
Lippmann (1969), Besdo (1974), and Muhlhaus and Vardoulakis
(1987). This theory has been applied to study the strain-softening
material response and the strain localization (de Borst, 1993;
Dietsche et al., 1993; Ebrahimian et al., 2012; Khoei and
Bakhshiani, 2005; Sharbati and Naghdabadi, 2006). De Borst
(1993) generalized the J2 ﬂow theory with the couple stress and
the micro curvature. The more general elastoplastic micropolar
models in the large deformation range was developed by Forest
et al. (1997) and Grammenoudis and Tsakmakis (2005, 2009).
Altenbach et al. (2010) presented a review on Cosserat-type models
of plates and shells. Ramezani and Naghdabadi (2010) generalized
the hypo-elasticity for the micropolar media. A constitutive model
for ﬁnite deformation micropolar plasticity exhibiting kinematic
and isotropic hardening has been proposed by Grammenoudis
and Tsakmakis (2009).
Recently, the ﬁnite element model of Cosserat materials for 2D
elastic–plastic contact (Zhang et al., 2012) and 3D elastic contact
(Xie et al., 2012) have been developed based on the parametric
virtual work principle. They have shown that the rotation raised
by polar characteristics produces a signiﬁcant impact on stress
ﬁeld of an elastoplastic cylinder contacting with an elastic plate.
Their numerical results showed that there are essential differences
of contact characteristics between micropolar and classic models.
In this study, we will show that Zhang’s ﬁnding for the contact
mechanism of the elastoplastic micropolar material is contributed
to the indentation size effect, in which the presence of micropolar
media promotes higher plastic hardening right under the indenter
tip, and consequently leads to increase material hardness at low
indentation depths.
Up to now, the size dependent behavior of micropolar plastic-
ity theory is not fully discovered by the indentation simulations.
The purpose of this paper is to develop and implement a ﬁnite
element model for studying micro and nano-indentation of the
elastoplastic micropolar material. In this paper, the elastic part
of the constitutive model is based on the Eringen’s (1999) micro-
continuum ﬁeld theory. De Borst’s (1993) generalized yield crite-
ria for the micropolar plasticity has been used to determine the
effect of the material length scale on predicted hardness for small
conical indents. The indentation contact problem is, of course, a
very important aspect of the study that have been modeled by
Zhang’s et al. (2012) method for the contact analysis of multiple
Cosserat bodies. The contact problem of indentation between
the indenter and the elastoplastic micropolar surface is described
by Coulomb’s frictional law. To illustrate the effectiveness of the
micropolar theory in predicting the indentation size effect (ISE),
an axisymmetric ﬁnite element model has been developed for
elastoplastic contact analysis of micropolar materials. The numer-
ical results are presented for the micro and nano-indentation of
magnesium oxide (MgO) with perfectly sharp and rounded tip
conical indenters, and they are compared with the experimental
hardness data of Feng and Nix (2004). The signiﬁcance of MgO
ISE has been discussed by Huang et al. (2006), Qiao et al. (2010)
and Pharr et al. (2010) where it has different ISE characteristics
at micro and nano scale and Nix–Gao model breaks down at small
scales.
2. Theory
2.1. Micropolar elastoplasticity
The motion of a micropolar continuum is deﬁned by two inde-
pendent motions which are determined by; the macro displace-
ment (uj) and the micro rotation (uj). The strain and curvature
tensors are deﬁned as follows:eij ¼ @uj
@xi
 2ijkuk; jij ¼
@uj
@xi
ð1Þ
With expanding the free energy into the Taylor series in the
vicinity of the natural state, disregarding the terms of higher
orders, for isotropic, homogeneous, and centrosymmetric bodies,
we obtain the following form of the elastic constitutive equations:
rij ¼ @F
@eij
¼ Dijkleekl; mij ¼
@F
@jij
¼ Gijkljekl ð2Þ
where rij and mij are the components of force and moment stress
tensors. Dijkl and Gijkl are fourth-order linear elastic micropolar
modulus tensors:
Dijkl ¼ lð1þ aÞdikdjl þ lð1 aÞdildjk þ kdijdkl;
Gijkl ¼ 4l‘2ðdikdjl þ bdildjk þ cdijdklÞ ð3Þ
Therein, l and k are the Lame’s constants, whereas a ,b ,c and ‘
are the additional parameters of the micropolar theory. Hence, a is
micropolar shear module which governs the inﬂuence of the skew
symmetric part of the elastic micropolar strain and ‘ can be inter-
preted as an intrinsic length scale. The response of the body is
inﬂuenced heavily with the ratio of the characteristic length (asso-
ciated with the external stimulus) to the intrinsic length scale.
Let the elastic strain rate be given by the elastic constitutive
equation, making use of the additive decomposition of general
strain and curvature tensors increment into elastic and plastic
parts; we obtain the following elastoplastic micropolar constitu-
tive equations:
drij ¼ Dijklðdekl  depklÞ; dmij ¼ Gijklðdjkl  djpklÞ ð4Þ
The ﬂow rule associated with the micropolar yield function has
the general form:
depij ¼ k
@f
@rij
; djpij ¼ k
@f
@mij
; kP 0; f 6 0; kf ¼ 0 ð5Þ
Here, f is a plastic potential function which is differentiable
with respect to the stresses. The plastic multiplier k is determined
from the loading conditions. In optimization theory, such a set of
equations is called a Kuhn–Tucker–Karush condition. According
to the isotropic hardening model, the micropolar yield function is
generally expressed as
f ðrij;mij; epij;jpij; cÞ 6 0 ð6Þ
where c is the hardening variable. By expanding micropolar yield
function in a Taylor series, neglecting second and higher order
terms, substituting the elastoplastic micropolar constitutive equa-
tion (Eq. (4)) and the ﬂow rule (Eq. (5)) in a Taylor series, and intro-
ducing the slack parameter, the inequality form of micropolar yield
criteria can be expressed by following the linear complementarity
problem:
f 0 þwrkldekl þwmkldjkl Mkþ t ¼ 0; kt ¼ 0; k; tP 0 ð7Þ
Here, f 0 denotes the value of yield function at current state, t is
slack parameter, and:
wrkl ¼
@f
@rkl
Dijkl; wmkl ¼
@f
@mkl
Gijkl; ð8Þ
M ¼ @f
@rij
Dijkl þ @fdepkl
 
@g
@rkl
 
þ @f
@mij
Gijkl þ @fdjpkl
 
@g
@mkl
 
 @f
@c
h
It is widely accepted that geometries of Berkovich or Vickers
indenters are approximated with axisymmetric models by
choosing the cone angle such that the projected area/depth of
the two-dimensional cone is the same as the actual indenter
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mation micropolar plasticity behavior outlined in this section, a
constitutive scheme is derived for the general axisymmetric case
in Appendix A. Provided that the equilibrium state is already
known, the displacement and stress increments generated at each
step must satisfy the equilibrium equations, the strain–displace-
ment relationship, the elastoplastic constitutive equations, and
the micropolar yield criteria, in structural domain.
2.2. Contact model
By appropriate formulation of the nonlinear contact constitu-
tive equations, the problem can be solved similar to the elastoplas-
tic analysis based on the formulation of contact as a linear
complementary problem. To this end, we apply variational para-
metric principle which developed by Zhang et al. (2012) for fric-
tional contact of Cosserat media. For each point on potential
contact of master surface (specimen), there exists a point on slave
surface (indenter surface) forming a contact point pair and the nor-
mal vectors of points are approximately perpendicular to the mas-
ter surface. Regarding the penalty method, the springy normal
penetration of contact surfaces is considered as elastic displace-
ment and free movement before penetration is supposed to be
plastic deformation. In tangent direction, the slipping and sliding
contacts are regarded as elastic and plastic deformation, respec-
tively. Therefore, the contact yield criteria can be deﬁned as:
f c1 ¼ pn 6 0; f c2 ¼ lcpn þ pt 6 0; f c3 ¼ lcpn  pt 6 0 ð9Þ
Here f c ¼ ½ f c1 f c2 f c3T represents normal contact yield criteria
and tangent contact yield criteria toward and outward the center,
respectively. The non-associated contact ﬂow rule can also be writ-
ten as:
dupc ¼ kc
@gc
@pc
ð10Þ
where gc ¼ pn pt pt½ T is the non-associated contact ﬂow
potential, pc ¼ pn pt½ T contact stress, and kc ¼ kc1 kc2 kc3½ T
contact plastic ﬂow parameter. dupc ¼ dupn dupt
 T represents the
contact’s plastic displacement which is plastic part of total contact
displacement:
duc ¼ duec þ dupc ¼
dun
dut
 
¼ du
master
n  duslaven
dumastert  duslavet
" #
þ d
0
 
ð11Þ
where d is initial contact gap at each loading step. The elastic part of
contact displacement duec is related to contact stress by the contact
stiffness, Dc :
dpc ¼ Dcduec ¼
En 0
0 Et
 
duec ð12Þ
By comparing the yield function (Eq. (9)), the ﬂow rule (Eq. (10))
and the stress-displacement equation (Eq. (12)) of contact model
with elastoplastic ones in previous section, the constitutive equa-
tions of the frictional contact can be expressed similar to Eq. (7)
in the following form:
f 0c þwcduc Mckc þ tc ¼ 0; kctc ¼ 0; kc; tc P 0 ð13Þ
where
wcij¼
@f ci
@pcj
¼
En 0
lcEn Et
lcEn Et
2
64
3
75; Mcij¼ @f ci@pck Dckl
@gcj
@pcl
¼
En 0 0
lcEn Et Et
lcEn Et Et
2
64
3
75
ð14Þ
and f 0c is contact yield functions at current state and tc is contact
slack vector. In this paper, we assume that the indenter is rigidand axisymmetric, which is a widely accepted assumption in the
indentation models.
3. Finite element implementation
3.1. Principle of virtual work
In this section, a 2D ﬁnite element formulation of axisymmet-
ric micropolar media is introduced using the parametric varia-
tional principle. This variational method is developed from the
basic idea of optimal control theory to solve nonlinear unspeciﬁed
boundary problems of continuum mechanics, which has been
successfully applied in many ﬁelds. In this method, the solution
is to minimize the functional energy under the constraint of con-
trolling states. Details of the variational formulation of micropolar
elements are not repeated in this paper, since a more comprehen-
sive discussion can be found in (Zhang et al., 2012). Instead, only
the functional form which the elements are derived, are pre-
sented here as:
C ¼
Z
X
1
2
deiDijdejdX
Z
X
ka
@f a
@ri
DijdejdX
Z
X
dXiduidX

Z
Sr
dTiduidSþ
Z
Sc
1
2
duciD
c
ijducjdS
Z
Sc
kca
@gca
@pci
DcijducjdS ð15Þ
According to the parametric variational principle, elastoplastic
contact analysis can be deduced to the minimization of the func-
tional C under the control of the plastic inequality (Eq. (A.5)) and
the contact inequality (Eq. (13)), which forms a quadratic program-
ming problem.
3.2. Finite element discretization
The discretized equation can now be obtained using FEM,
where the continuum X is discretized into ne elastoplastic ele-
ments and nc contact elements. The resulting elements have three
degrees of freedom per node, namely two macro displacements,
ur and uz, and a micro rotation, uh. Four noded quadrilateral ele-
ments with two Gauss integration points have been used in all
the simulations reported here. Despite the fact that the strain gra-
dient methods require C1 continuity of displacement ﬁelds, due to
using the independent micro rotation, C0 continuity is sufﬁcient
in order to implement the micropolar theory in the framework
of ﬁnite element method. In an isoparametric formulation, the
element spatial coordinates, displacements and strains are inter-
polated from the nodal values using the same set of shape func-
tions (NI):
x ¼ NX; du ¼ NdU; de ¼ Sdu ¼ BdU ð16Þ
where S is axisymmetric strain–displacement matrix introduced in
Eq. (A.2) and B is strain-nodal displacement matrix. X and dU are
nodal values of positional coordinates and displacements. Introduc-
ing the contact displacement shape function (Nc) for discretized
contact interface, we can obtain:
duc ¼¼
dun
dut
 
¼ TcNcdU þ dc ð17Þ
where T c is a coordinate transformation matrix formed by the
direction of contact normal. Substituting the above equations into
Eq. (22), gives:
C ¼ 1
2
dUTKdU  dUTQpKp  dUTFb  dUTFr þ 12dU
TKcdU
 dUTQcKc þ dUTFd ð18Þ
where
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Z
X
BkiDklBljdX; Q
p
ij ¼
Z
X
NkiDkl
@f j
@rl
dX;
Kcij ¼
Z
Sc
NckiT
c
lkD
c
lmT
c
mnN
c
njdS; Q
c
ij ¼
Z
Sc
NckiT
c
lk
@gcj
@pcl
dS;
Fbi ¼
Z
X
NkidXkdX; F
r
i ¼
Z
Sr
NkidTkdS; F
d
i ¼
Z
Sc
NckiT
c
lkd
c
l dS
The length of dU equals to the displacement degree of freedom.
Kp and Kc are deﬁned at each Gauss point as its degrees of free-
dom, so their lengths are equal to number of gauss points in plastic
media and contact surface, respectively. In a similar way, using Eqs.
(16) and (17), one can obtain the discretized form for the micropo-
lar plastic yield inequality, Eq. (A.5), and the contact yield inequal-
ity, Eq. (13), as follow:
CpdU  UpKp  Tp þ Yp ¼ 0; KTpYp ¼ 0; Kp;Yp P 0 ð19aÞFig. 1. Magniﬁed view of the conical indentation region and the ﬁnite element
model along with the boundary conditions.CcdU  UcKc  Tc þ Yc ¼ 0; KTc Yc ¼ 0; Kc;Yc P 0 ð19bÞ
where
Cpij ¼ Qpji ¼
Z
X
@f i
@rl
DlkNkjdX; U
p
ij ¼
Z
X
MpijdX;
Tpi ¼ 
Z
X
f 0i dX; C
c
ij ¼
Z
Sc
wcilT
c
lkN
c
kjdS; U
c
ij ¼
Z
Sc
McijdS;
Tci ¼ 
Z
Sc
f ci
0dS
Z
Sc
wcikd
c
kdS
Finally the minimization of the functional C together with the
discrete constraint equation (19) leads to a set of global equations
in the following form:
K þ Kc Qp Qc
Cp Up 0
Cc 0 Uc
2
64
3
75
dU
Kp
Kc
2
64
3
75 F
b
i þ Fri  Fdi
Tp
Tc
2
64
3
75þ
0
Yp
Yc
2
64
3
75 ¼ 0;
ð20Þ
where
KTpYp ¼ 0; KTc Yc ¼ 0; Kp;Yp;Kc;Yc P 0
It is obvious that the above equation is a mixed linear comple-
mentarity problem. It can be very readily solved using the conven-
tional two step pivoting algorithm such as Lemke method.4. Results and discussion
In this section, we focus on the numerical implementation of
the micropolar plasticity theory as mentioned in the previous sec-
tions. We will show that the micropolar theory can predict the
phenomenological aspect of ISE at micro and nano scale. The
numerical results are presented and compared with the experi-
mental data for hardness of magnesium oxide coming from the
open literature (Feng and Nix, 2004).
The ﬁnite element mesh used in the simulations is shown in
Fig. 1, along with the applied boundary conditions and the rigid
indenter at incipient contact. It is comprised of 4800 four noded
isoparametric quadrilateral elements and is well reﬁned especially
close to the tip of the indenter. It is chosen based upon a conver-
gence study in order to ensure that the simulation results are not
signiﬁcantly affected by further reﬁnement of the mesh. To avoid
the far-ﬁeld boundary effect, the ratios of the specimen radius
and specimen depth to maximum indentation depth are always
taken equal to 15 for all load displacement simulations and inden-
tation hardness calculations. The axisymmetry dictates that ur is
zero along the axis of symmetry. The vertical displacement alongthe bottom of the mesh is constrained to be zero, while the radial
quantities are unconstrained.
The indenter is modeled as a perfectly rigid cone with a semi-
vertical angle h = 70.3, which gives the same contact area to depth
ratio as a perfect Berkovich pyramid. The displacement of indenter
was associated with a reference point which speciﬁes the displace-
ment of indenter surface. The simulations are carried out under
displacement controlled conditions on reference point till a maxi-
mum indentation depth is attained. The interaction of indenter and
micropolar media is modeled using the penalty method which
adds stiff springs in normal and rotational direction between the
contacting surfaces that are only active when the surfaces overlap.
The detailed description of frictional contact model has been intro-
duced in Section 2.2.
MgO has a elastic modulus of E = 297 GPa and a poisson ratio of
m = 0.177 which are adapted from experimental study of Feng and
Nix (2004). The material hardening behavior of MgO is approxi-
mated in the form of power-law hardening (Huang et al., 2006):
rðcÞ ¼ rY 1þ ErY e
p
 n
ð21Þ
where rY is the initial yield strength and n is the work hardening
exponent. The initial yield stress has been taken equal to 2.65 GPa
with a work hardening exponent n = 0.1, such that the classical
indentation hardness (at large indentation depths) agrees with
the experimental value H0 = 9.23 GPa. The hardness (H = P/A) is cal-
culated based on the commonly used Oliver–Pharr method, where
the projected contact area (A ¼ 24:5h2c ) is calculated based on
unloading curve (dP/dh) at the maximum load (Pmax) from the con-
tact depth (hc):
hc ¼ hmax  f PmaxðdP=dhÞh¼hmax
ð22Þ
where f = 2(p  2)/p ’ 0.72 for a conical indenter.
For the micropolar continuum, the additional material con-
stants have been inserted. In all the simulations, the standard
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Fig. 2. The variation of normalized square of hardness versus inverse of indentation
depth for micropolar material where the micropolar shear module is ﬁxed (a = 0.05)
and the length scale (‘) varies from zero to 1 lm.
0 0.005 0.01 0.015 0.02
1
1.2
1.4
1.6
1.8
2
α=0.0 (Classic Continuum)
α=0.02
α=0.04
α=0.06
α=0.08
α=0.10
H
2 /H
02
h−1 (nm−1)
Fig. 3. The variation of normalized square of hardness versus inverse of indentation
depth for micropolar material where the length scale is ﬁxed (‘ = 0.5 lm) and the
micropolar shear module (a) varies from zero to 0.1.
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ant of the micropolar deviatoric stresses (de Borst, 1993). Using
ﬁtting techniques, the two remained micropolar parameters, mate-
rial length scale ‘ and micropolar shear module a, are successfully
determined from experimental data and a good approximation of
size dependent hardness of material can be obtained.
To estimate the undetermined micropolar parameter, the varia-
tion of normalized square of hardness with inverse of indentation
depth are plotted in Figs. 2 and 3 for different values of ‘ and a,
respectively. In Fig. 2, we ﬁx a = 0.05, and ‘ varies from zero to
1 lm, while in Fig. 3, we ﬁx ‘ = 0.5 lm, and a varies from zero to
0.1. It can be seen that there is a strong increase in hardness with
decreasing the indentation depth which is commonly referred to as
the indentation size effect. It is of interest to note that the indenta-
tion hardness obtained with numerical results of a micropolar con-
stitutive model tends to classical indentation hardness (H? H0) in
all indentation depth when ‘ or a are inclined to zero (a, ‘? 0).
Moreover, even the increase of ‘ or a leads to increase of hardness
at the same indentation depth, but the effect of these parameters
on curve behavior is completely different. As it can be seen in Figs. 2
and 3, the increase of ‘ leads to increase in the slope of curves at
large indentation depth, however, the value of a restrains the
indentation hardness at low indentation depth. This means that
these two micropolar parameters act to describe different size
dependent behavior of material at micro and nano scale. The other
interesting ﬁnding of these simulations is that the micropolar
material follows Nix–Gao linear ISE model at large indentation
depth which suggests a linear dependence of the square of the
micro-hardness to the inverse of the diameter. The range of inden-
tation depth where the calculated hardness follows the Nix–Gao
model varies with changes in micropolar parameters.
To demonstrate how micropolar theory describes ISE, the vari-
ation of load–displacement curves resulting from the varying
material length scale has been plotted for a large indentation depth
of 1000 nm, a medium indentation depth of 400 nm and a low
indentation depth of 100 nm in Fig. 4. By comparing P–h curves
at different indentation depths, it can be seen that the indentation
loads increase as the result of increased material length scale at
any indentation depth, however, the rate of increase is higher for
lower indentation depth, relative to conventional continuum. We
can see, for instance, that the indentation load at low indentationdepth for micropolar material with ‘ = 1000 nm (Fig. 4c) is about
19% higher than conventional continuum, while this value is about
7% for large indentation depth (Fig. 4a). In other words, as indenta-
tion proceeds, the corresponding indentation load increases with
lower rate. As a consequent of this increasing form of the indenta-
tion load, the hardness has a higher value at a low indentation
depth which forms ISE in the micropolar material. By comparing
the hardness values of Fig. 2 with P–h curves of Fig. 4 for the micro-
polar material having the same micropolar properties (a = 0.05 and
‘ = 0  1000 nm), it is clear that load displacement curves of micro-
polar material exhibit weak deviations from a conventional mate-
rial especially at large indentation depth; however, there is a
strong increase in indentation hardness with decreasing the inden-
tation size.
As it can be seen in the load–displacement curves, the slope of
elastic unloading curve does not change considerably. This means
that the effect of Cosserat moduli on the elasticity of the indenta-
tion mechanism is very weak. In contrast, the plastic constitutive
equations (yield function and hardening rules) govern the domi-
nant rule in indentation size effect. It is interesting to note that
the similar observation has been reported by Grammenoudis and
Tsakmakis (2005) in their numerical study. They investigated the
size effects in torsional loading of circular cylinders using the
micropolar plasticity. It is shown that size effects will be controlled
practically by yield function and hardening rules rather than the
elasticity law.
For better description of the micropolar length scale in the
indentation problem, the normalized hardness H/H0 versus ‘/hmax
is plotted in Fig. 5 for the given indentation depth hmax = 500 nm.
From this ﬁgure, it can be seen that the hardness increases as the
characteristic length scales rise. However, this increase is bounded
and the increase of the internal length at higher value does not
affect the hardness value. Based on Eringen’s (2002) deﬁnition for
nonlocal effects, when the external length scale and the internal
length scale have the same order, local theories fail and nonlocal
theories can only account for the long-range inter-atomic attrac-
tions. The indentation depth (hmax) can be treated as the external
length scale for the indentation test. Therefore, the indentation load
and hardness converge to conventional plasticity estimate when
hmax ‘. However, when indentation depth is relatively at same
order of internal length scale, the hardness is sensitive to hmax/‘.
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Fig. 4. P-h curves obtained from the indentation simulations of micropolar material with ﬁxed micropolar shear module (a = 0.05) conducted on material length scales (‘)
ranging from 0 to 1 lm for different indentation depths (a) 1000 nm, (b) 400 nm and (c) 100 nm.
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Fig. 5. The effect of material length on the indentation hardness.
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Fig. 6. The comparison of square of hardness versus inverse of indentation depth
for micropolar material with Feng and Nix (2004) experimental data and Nix–Gao
predicted linear model.
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hardness versus indentation depth at range of 50–1000 nm, the
best-ﬁt parameter of MgO is obtained for ‘ = 450 nm and a = 0.07.
By substituting thesematerial constants into themicropolar model,the square of hardness versus the inverse of indentation depth is
plotted in Fig. 6 for perfectly sharp conical indenter based on the
micropolar plasticity together with experimental result of Feng
and Nix (2004). It is seen that the micropolar model gives well
Fig. 7. The schematic comparison of indented surfaces of rounded tip and sharp
indenters at the same indentation depth.
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Fig. 8. The variation of normalized square of hardness versus inverse of indentation
depth for the rounded tip indentation of the micropolar material (a = 0.05,
‘ = 0.5 lm) where the tip radius (Rtip) varies from 0 to 30 nm.
Fig. 9. Contour plots of plastic hardening for MgO underneath the indenter a
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dicted hardness based on Nix–Gao linear model is plotted where
the square of hardness is a linear function of inverse of indentation
depth, H2 ¼ H20ð1þ h0=hÞ. Here, H0 (=9.23 GPa) represents the mac-
roscopic hardness that is approached asymptotically at large inden-
tation depths, and h0 is characteristic length which depends on the
material properties and the indenter shape. It is interesting to note
that the simulation result follow the experimental data and Nix–
Gao model of ISE at micron scale; however, the simulation result
does not follow the overestimated hardness of Nix–Gao’s model
at nano scale. Therefore, the micropolar plasticity has capability
to describe indentation size effect at both micro and nano scales.
There is a minor deviation between the numerical result and
experimental data in the range of nano scale indentation which
can be affected by tip rounding of indenter that is not considered
in this ﬁtted simulation. The tip rounding can be due to localized
nano scale fracture and wear at the indenter tip, which in inescap-
able. For a new indenter, the tip radius (Rtip) is generally less than
50 nm but it can reach more than 500 nm for the defective inden-
ter (Chicot, 2009). Moreover, Feng and Nix (2004) obtained data
from CMS technique which produce signiﬁcant errors at small
scale (Pharr et al., 2010). Here, we suppose that the tip radius is
Rtip = 25 nm and the ﬁtting procedure is repeated for this rounded
tip indenter. As it can be seen, the length scale does not change,
however the micropolar shear module is reduced to a = 0.05. By
comparing numerical results, it is clear that, the better correlation
between the models and experimental data is generally achieved
for the rounded tip indentation compared to the sharp indentation.
The schematic comparison of indented surfaces of rounded tip
and sharp indenters is presented in Fig. 7. The penetration of the
rounded tip indenter on the material surface is deeper compared
to the sharp indenter at the same indentation depth. Therefore,
the increase in the tip radius leads to the higher indentation load,
and consequently the higher measured hardness.To show the
effect of tip rounding, the variation of normalized square of hard-
ness versus inverse of indentation depth for the rounded tip inden-
tation on the micropolar material (a = 0.05, ‘ = 0.5 lm) is plotted in
Fig. 8, where the tip radius (Rtip) varies from 0 to 30 nm. As it can be
seen in this ﬁgure, the tip rounding does not affect the hardness on
high indentation depths, however, the estimated hardness is
increased when the indentation depth converges to the tip radius.
To understand how the micropolar plasticity governs ISE, the
contours of MgO plastic hardening for the micropolar and conven-
tional theory is plotted in Fig. 9. As it can be seen, the plastic zone
produced by micropolar plasticity is approximately the same as
that for conventional plasticity. However, the magnitude oft hmax = 0.5 lm for (a) classic continuum and (b) micropolar continuum.
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indenter tip is considerably higher than the conventional theory.
As a result of the higher plastic hardening, the material gets harder,
and consequently the load and hardness evaluated by the indenta-
tion test is higher in the micropolar plasticity than the conven-
tional plasticity, when the indentation depth is as the same order
of material length scale.
5. Conclusion
In this work, a ﬁnite element model for a conical indentation
has been used to study the indentation size effect (ISE) based on
the micropolar plasticity at micro and nano scales. The primary
motivation for this study was to see whether results frommicropo-
lar plasticity based simulations are, at least typically, consistent
with ISE experimental observations. It is shown that the indenta-
tion load increases with lower rate as indentation proceeds. As a
result of this increasing form of the indentation load, the hardness
has a higher value at a low indentation depth which forms ISE in
the micropolar material. The two micropolar parameters contrib-
ute to describe the characteristic of indentation size effect at both
micro and nano scales, where the increase of ‘ leads to increase in
the slope of curves at large indentation depth, however, the value
of a controls the maximum value of hardness at low indentation
depth. The comparison with open literature is presented to show
that the fundamental result of the micropolar plasticity is close
to the experiments. A good agreement has been achieved between
the present prediction of conical indentation hardness using the
generalized von-Mises based yield criteria and the available pub-
lished experimental results. The most important point of this com-
parison is that the simulation result at micron scale is in agreement
with Nix–Gao linear model of ISE and the experimental data. The
other interesting ﬁnding is the consistency of the micropolar the-
ory with the experimental data at small indentation depth. In addi-
tion, the correlation is improved by using the rounded tip indenter
compared to the sharp indenter. Due to diverse structures and
complicated behaviors of materials at micro and nano scales, gen-
eralization of this theory needs further research.
Appendix A
Using an ordinary cylindrical coordinate system, the general
constitutive equations of elastoplastic micropolar solids in the gen-
eral axisymmetric case is introduced in this appendix. For axisym-
metric problems, the ﬁelds are independent of h, therefore all the
deformations and the stresses are independent of the rotational
angle o/oh = 0. Due to total symmetry about the z axis, there is no
displacement in the circumferential direction (uh =ur = uz = 0)
and consequently the displacement vector u can be deﬁned as:
u ¼ ur uz uh½ T ðA:1Þ
Now, assuming a cylindrical coordinate system, the compo-
nents of eight remaining strain and curvature tensors introduced
so far may be assembled in a vector,
e ¼
err
ehh
ezz
erz
ezr
jrh
jhr
jzh
2
66666666666664
3
77777777777775
¼ Su ¼
@=@r 0 0
1=r 0 0
0 @=@z 0
0 @=@r 1
@=@z 0 1
0 0 @=@r
0 0 1=r
0 0 @=@z
2
66666666666666664
3
77777777777777775
ur
uz
u
2
64
3
75 ðA:2ÞSimilarly, because of axisymmetry, the ten components of force
and moment stress tensors vanish for the point-wise Cosserat con-
stitutive equations. Collecting the remaining eight nontrivial com-
ponents into a stress vector form as;
r ¼ rrr rhh rzz rrz rzr mrh mhr mzh½ T ðA:3Þ
If the trivial terms of elastic constitutive Eq. (3) are omitted,
stress–strain relationships can be expressed in matrix form as:
r¼De¼
2lþk k k
k 2lþk k
k k 2lþk
lð1þaÞ lð1aÞ
lð1aÞ lð1þaÞ
4ll2
4ll2
4ll2
2
666666666666664
3
777777777777775
err
ehh
ezz
erz
ezr
jzr
jhr
jzh
2
66666666666664
3
77777777777775
ðA:4Þ
With the same procedure, the linear complementarity problem
of the micropolar yield criteria f ðr; dep; cÞ 6 0 in axisymmetric
condition can be expressed as:
f 0 þwpdeMpkþ t ¼ 0; kt ¼ 0; k; tP 0 ðA:5Þ
where
wp ¼ @f
@r
D; Mp ¼ @f
@r
Dþ @f
@ep
 
@g
@r
 @f
@c
h ðA:6Þ
If the isotropic elasticplastic von Mises material is adopted, the
yield function f can be written as
f ¼
ﬃﬃﬃﬃﬃﬃﬃ
3J2
p
 rðcÞ ðA:7Þ
where rðcÞ is yield stress and a function of the hardening parameter
c. J2 is the second invariant of the deviatoric stresses and have the
following form for micropolar continuum (de Borst, 1993):
J2 ¼ a1sijsij þ a2sijsji þ a3mijmij=l2 ðA:8Þ
In classic continuum, the third term is ignoredanddue to symmet-
ric stress ﬁeld (rij = rji), yield function reduces to J2 = (a1 + a2)sijsij.
In order to make micropolar yield function conformable with
classic continuum, it needs that a1 + a2 = 1/2. For the axisymmetric
condition, J2 reduces to:
J2 ¼ ðs2rr þ s2hh þ s2zzÞ=2þ a1ðs2rz þ s2zrÞ þ 2a2srzszr
þ a3=l2ðm2rh þm2hr þm2zhÞ ðA:9Þ
The above equation may be expressed in matrix form as
3J2 ¼ rTPr ðA:10Þ
where
P ¼
1 1=2 1=2
1=2 1 1=2
1=2 1=2 1
3a1 3a2
3a2 3a1
3a3=l
2
3a3=l
2
3a3=l
2
2
666666666666664
3
777777777777775
ðA:11Þ
Consequently, Eq. (A.6) can be expressed in the following form
wp ¼ r
TPDﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
rTPr
p ; Mp ¼ r
TPDPrﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
rTPr
p  @f
@c
h ðA:12Þ
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